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We c o n s i d e r  a dynamic  p rob l e m  of t h e r m o e l a s t i c i t y  for  a hollow cy l inde r  in which we 
a s s u m e  the heat  p ropaga t ion  speed  to be finite.  

We c o n s i d e r  a long hol low c y l i n d e r  with an inne r  rad ius  of 1 and an ou te r  rad ius  equal  to l, which is  
in i t ia l ly  at  z e r o  t e m p e r a t u r e  and to whose  inne r  su r f ace  a cons tan t  t e m p e r a t u r e  T o is suddenly  applied.  The 
end sec t ions  of the cy l inde r  a r e  kept s t a t i ona ry .  The inne r  and ou te r  s u r f a c e s  of the cy l inde r  a r e  a s s u m e d  
to  be s t r e s s  f ree .  

Thus  we have a dynamic  p rob l e m  of t h e r m o e l a s t i c i t y .  

It was  shown in [1] tha t  fo r  high t e m p e r a t u r e  g rad ien t s  in meta l s  t he re  is no c l a s s i c a l  c o r r e s p o n d e n c e  
be tween  the heat  flow and the g rad ien t .  T h e r e f o r e  to  solve a d y n a m i c  p r o b l e m o f t h e r m o e l a s t i c i t y  it is n e c e s -  
s a r y  to e m p l o y  a heat  conduct ion equat ion which is hyperbol ic ,  namely ,  one which takes  into accoun t  the 
finite speed  of heat  p ropaga t ion  [1, 2]: 

02T OT 02T 1 OT 
M ~ -~ - -  4- - -  �9 - -  (1) 

0 Fo ~ 0 Fo OP ' r Or 

with the fol lowing b o u n d a r y  and ini t ial  condi t ions :  

T(1, F o ) = T  o, T(I, Fo)=0; T(r, 0)=0, OT(r, 0) - -0 .  (2) 
0Fo 

In Eqs.  (1) and (2), with the except ion  of T ( r ,Fo) ,  a l l  quant i t ies  a re  d imens ion l e s s .  

Using the method of finite in t eg ra l  t r a n s f o r m s  we can wr i te  the solut ion of the p rob lem (1)- (2) in the 
f o r m  [3] 

Z W,~ (Fo) 
T(r, Fo)=To--Alnr  + ~ Vo(7, . r), (3) 

whe re 

Vo (w, r) --- A~Jo (wr) + Yo (7~r); 
l 

A =  T~ " A,~ Yo(7~) N 2 = ~ V ~ ( 7 ~ ,  r) rdr; 
lnI  ' Jo(7~) ' 

1 

W~ (Fo)= B,~ ( ea FO s, Fo ) _ _  _ _  e s2  

$ 2  

--1 i V  1--4M~7~ 
Sl.2 = 2M ~ , 

l 

B~-- s2 - -  sl f A (In r - -  To) Vo (7~, r) rdr; 
S l  , 

1 

and the 7n a r e  the roo t s  of the c h a r a c t e r i s t i c  equat ion 

I. I. Mechnikov State Un ive r s i t y  and S t ruc tu ra l  Eng inee r ing  Inst i tute ,  Odessa .  Trans la ted  f r o m  In- 
z h e n e r n o - F i z i e h e s k i i Z h u r n a i ,  Vol .21,  No. 1, pp. 145-151,  July ,  1971. Original  a r t i c l e  submi t ted  August  
i0 ,  197.0: 

�9 1973 Consultants Bureau, a division of Plenum Publishing Corporation, 227 West 17th Street, New York, 
N. Y. 10011. All rights reserved. This article cannot be reproduced for any purpose whatsoever without 
permission of the publisher. A copy of this article is available from the publisher for $15.00. 

913 



J0 (Y.) Y0 (y.l) - -  Jo (y.l) Y0 07.)-- 0. 

We now determine the thermoelas t ic  s t r e s s e s  in the cyt inder .  When the s t r e s sed  state of a long 
cylinder,  which is in a state of plane strain,  is axially symmet r ic ,  there  is no displacement  in the direct ion 
of the angle ~0 and the relat ive elongation in the direct ion of the z axis can be taken to be constant.  We take 
it equal to zero .  The radial  displacement  u depends only on r and Fo, i .e. ,  u =u(r ,Fo) .  Hooke's Law is 
then expressed  by the equations [4] 

r 1--2IXl--IX [0~ ~--~--~l--lx u --mT] ' r  

% = 2 G  1--IX [ Ix Ou u ] 
1 - -  ~IX l ~ lx Or -k  r --mT 

1--2IX IX\Or -;- 

(4) 

The equation of motion may be wri t ten as [4] : 

Or r 0 Fo 2 (5) 

Substituting the Eqs. (4) into Eq. (5), we obtain 

1 02u 02u 1 Ou u OT 
c ~ 0Fo ~ Or 2 q- r " Or r 2 m Or ( l ~ r , ~ / ) .  (6) 

Since the inner and outer  sur faces  of the cyl inder  a re  s t r e s s  free,  we see that ar =0 on these sur faces .  
The re fo re  the boundary conditions for Eq. (6) are  as follows: 

Ou q_ ~ U _ mT=O for r = l  andr=l. 
Or 1 - -  IX r (7) 

The initial conditions are  of the form 

Ou 
u --- O Fo = 0 for Fo = 0. (8) 

We write  the solution of Eq. (6) as the sum of a quasistat ic  t e r m  r (r,Fo) and a dynamic t e rm  0(r,Fo): 

u (r, Fo)=~? (r, Fo) + 0 (r, Fo). (9) 

The quasistat ic  t e r m  ~b (r, Fo) must  sat isfy the equation 

, , , + ~  , , _  r -~  ~ - -  roT '  =0, (10)" 

where the pr imes  indicate differentiat ion with respec t  to r, subject  to the boundary conditions (7) in which 
u(r,Fo) is to be replaced by r  

The solution of Eq. (10), satisfying the boundary conditions (7), has the form 

r 

ap(r, Fo)= (1--2ix) r +  T(l, Fo )+- -7  7(9, Fo) pdp, 

1 
where 

"r 

(r, Fo) r ~---2 1 S T (9, Fo) pdp 
1 

denotes the weighted mean t empera tu re  of the cyl inder  with inner radius r.  
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Substituting the solution (9) into Eq. (6), and taking Eq. (10) into account, we will have the following 
equation for determining the dynamic t e rm 0(r,Fo): 

1 020 020 1 O0 O 1 0~ 
+ . . . . .  (l<r<l). (12) 

c ~ 0 Fo ~ Or ~ r Or r 2 c 2 0 FC 

The quasistat ic t e rm r (r,Fo) sat isf ies  the boundary conditions (7), therefore the dynamic t e rm in the solu- 
tion must sat isfy the homogeneous boundary conditions 

O0 ~ 0 0 for r=  landr=l, (13) 
0-7 + l - - ~  r 

and the initial conditions 

where 

0 - - - %  0 ~ _  05 for Fo=0. 
0 Fo 0 Fo 

Solving the problem (12)-(14) by the method of character is t ic  functions, we obtain 

0 (r, Fo) = ~ ~. (~o) ~ (r) (1 ~< r < t), 
n ~ |  

F o  

8-~ (Fo) : - -  % (Fo)+% j" % (x) sin?~ (Fo -- x)dx, 
0 

l 'S 
%~(Fo) = N~c ~ ~(r, Fo) W~(r)rdr, 

! 
1 

1 

As-- 

117 2 (r) rdr, W~ (r)=A~J 1 (?~r) + Y1 (v.r), 

c 1--~t . 

that 

(14) 

(15) 

The charac ter i s t ic  values yn (the frequencies of the free radial oscillations of the cylinder) are  such 

~n - - l - - ~  T + ~(n) 6=/--1,  (16) 
?'~ = T -]- nn  n " - - ~  ' 

(n) is a bounded function for n = 1,2 . . . .  

Let  us ~ow calculate the quasistat ic  radial and tangential s t r e s ses .  
r from Eq. (11) into Eq. (4), we obtain expressions for the quasistat ic s t r e s ses  

c z E  ost = ~ 1 7 2 (1--~t) / 

cd-- aE (1 - 1 Fo)] 2 (1--1a)[( 1 + -~  ) T (/, Vo)-~- - ~ ) 7 " ( r ,  F o ) - - 2 T ( r ,  . 

Let us determine ~s t  as Fo-* 0: 
r 

vo-+o r Vo~o [2 (l--Ix) 

Substituting the expression for 

(17) 

siuce 

lira ( T (r, Fo) rdr = O. 
F o ~ 0  , 

1 
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Evaluating u~tas  F o - -  0, we shall  have 

lim o sr = 
F o ~ 0  (P 

c~ETo 
- -  - -  i f  r :  1 ,  

l - - i t  

0 if r:> 1. 

(18) 

Thus,  as  a consequence of the discontinuous nature  of the given t e m p e r a t u r e  change on the inner  s u r -  
face of the cyl inder  ( r = 1), where  the t e m p e r a t u r e  jumps f rom ze ro  to T 0, the tangential  s t r e s s  cr~ t has a 
discontinuity at  r = 1 (a "s ta t ionary"  jump). Consequently, there  is  a jump change in ~ t f r o m  ze ro  to c~EW 0 
/1-~.  

However  the radia l  s t r e s s  ~st  is a continuous function of r .  

Substituting the dynamic t e r m  in the d i sp lacement  u(r ,Fo) f rom Eq. (15) into the exp res s ions  (4) for 
the s t r e s s e s ,  we obtain exp res s ions  for  the dynamic s t r e s s e s :  

0o 

f i r  

n = l  

o.,,o, {,. [r +) .,'",., +)] 
( r )  '--'. 

+ Y__e_" Yo ~?~ Y1 ~?~ , 
c r ( 1--1 ~) 

O $ = ~ O ~ ( F ~ 1 7 6  IF----FJ~ % r / c /  

n=l 

+)] �9 

+ r(1 ~) 

(19) 

The tangential  s t r e s s  a~o a t  r =1, as a resu l t  of the condition cr r =0~ may  be de te rmined  f rom the r e -  
lation 

2G % = l ~ F  [u--(l+~)aTo] for r = l .  (20) 

If we let F o ~  0, then u(1,Fo) ~ 0, and f rom Eq. (20) we obtain 

lim % = r 
F o - 0  1 - -  ~ (2 l) 

F r o m  this and f rom Eq. (18) we see t h a t t h e  tangential  s t r e s s  u~o on the inner  su r face  of the cyl inder  
coincides immedia te ly ,  a f t e r  the instantaneous heating, with the quasis ta t ic  tangential  s t r e s s .  

The solution of the p rob lem (12)-(14) for  the dynamic par t  of the solution u(r,Fo) was wri t ten  in the 
fo rm of a s e r i e s  of the type 

O(r, Fo) 0",~(Fo) W~(r) (1..~r..<l), (22) 
n = |  

where  On(FO) and Wn(r) may  be obtained f rom the expres s ions  (15). However,  the s e r i e s  (22) converges  
siowiy for  smal l  values  of Fo, i .e. ,  immedia te ly  following the effect  of the t h e r m a l  shock. This  is ex-  
plained by the fact  that  the s e r i e s  (22) is known over  the whole domain of var ia t ion  for r (1--< r ~ l) whereas  
the deformat ions  a re  of a Iocai nature ,  i .e . ,  the d i sp lacement  0(r,Fo) is dif ferent  f rom ze ro  only in the 
region 1 s r s 1 +eFo ,  0 < Fo < ( / - 1 ) / c ,  a n d i s z e r o  in the remain ing  par t .  In o rde r  to improve  the conver -  
gence of the solution of the prob lem (12)- (14) we exclude f rom the domain of the expansion of the solution 
in a s e r i e s  of cha rac t e r i s t i c  functions the undisturbed par t ,  where the d i sp lacement  0(r,Fo) is equal t o z e r o .  

As a resul t ,  the t h e r m a l  shock on the inner  sur face  of the cyl inder  gives r i se  to an e las t ic  cy l indr i -  
cal  wave, which at  the t ime instant  Fo is located at  the radius 1 +cFo(0 < Fo < ( l - D / c ) ;  m o r e o v e r ,  at the 
front of the wave the d i sp lacement  0(r,Fo) mus t  be equal to zero .  
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Taking this into account and also the fact that 

(r, 0) = 0 ~  (r, 0) _ 0, 
0Fo 

we have a boundary-value problem for determining 0(r,Fo) for the values of the time (0 < Fo < ( / - 1 ) / c ) :  

1 020 020 1 O0 0 1 02~2 

c--~ . O Fo---- q = Or 2 ~- . . . .  r Or r 2 c 2 0 Fo 2 

( l < r < L '  O < F ~  

O0 - - ~ k O = O  for r = l ,  
Or 

0 = 0  for r=L,  

(23) 

0 = ~ 0 0  = 0 for Fo = 0, (24) 
0Fo 

where k =1~/1-~; L = I + c F o .  

If we should need to find the displacement  0(r, Fo) for the time interval  (0 < Fo - Fo*), where 0 < Fo 
< ( l -  1)/c, t is neces sa ry  to put L =1 +cFo*.  

Solving the result ing problem by the method of charac te r i s t ic  functions, we obtain 

0(r, Fo) 0,~(Fo)W*(r) ( l ~ r ~ L ,  0-~Fo..<Fo*), (25) 

whe re 

and 0n(FO ) is determined from Eqs. (15). 

The charac te r i s t i c  values "gn a re  such that 

~ (n_t I t  3 6 k 
7~= \ 2 1 6  " + 8 L _ §  ~(n) 

where 6 = L -  1. 

Thus the solution of the problem (12)-(14) is given by a se r ies  of the form (25), defined only for the 
disturbed (deformed) part  of the cyl inder  (1 ~ r<-- 1 +cFo;  0<Fo < U - D / c ) .  

The se r ies  (25) converges  considerably fas ter  than the se r ies  (22). Moreover,  the t e rms  of this 
se r i e s  have a s impler  form, thereby making the numerica l  computations eas ie r .  

Thus the solution of the problem (6)- (8) for 0 < Fo <( / -  1)/c, taking Eqs. (9) and (25) into account, is 

u(r, Fo) = •(r, F o ) §  O,(Fo) W* (r), (27) 
n = l  

where r is determined by the express ion (11) and represents  the quasistat ic part  of the displacement 
u(r,Fo). Representat ion of the solution of the problem (6)-(8) over the time interval 0 < Fo < ( l - 1 ) / c  as a 
sum of a quasistat ic  part  r and a dynamic part  0(r,Fo) may be explained by the fact that heat in the 
cyl inder  propagates with a speed Cq, which is less than the speed of propagation c of the dilatational waves 
in an elast ic  medium. Consequently, quasistat ic  s t r e s s e s  a r i se  in the cylinder.  Therefore ,  in order  to 
obtain the solution of the problem (6)- (8) it is neces sa ry  to augment the solution (25) by a quasistat ic  t e rm.  

The elast ic  cyl indrical  wave reaches the outer surface of the cyl inder  at the time instant Fo = (l - 1)/c. 
The wave is then reflected.  To find the displacement  in the case of the reflected wave we can use the solu- 
tion (15) for Fo > ( l - 1 ) / c .  
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M = ( c / cq )  
c = ~/2 ( 1 - ~ ) / ( 1 -  2p) .  G/p 
Cq 
m = (1 + p ) a / 1 - p  

P 
E 
G 
Fo = a t / t  z 
a 

t 
Jm(r), Ym(r), 

N O T A T I O N  

is the dilatationalwave speed in an elast ic  medium; 
is the heat propagation speed; 

is Po i s son ' s  ratio; 
is the thermal  coefficient for l inear expansion; 
is the density; 
is Young's modulus; 
is the shear  modulus of elast ici ty;  
is the Four ie r  number; 
is the thermal  diffusivity; 
Is the time; 
are  the Bessel  functions of the f i rs t  and second kinds of order  m. 

l J  

2. 
3. 
4. 
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